
32 TM modes in dielectric waveguides

• Last lecture we examined the characteristic equation and the cutoff

frequencies of TE mode of propagation in dielectric slab waveguides.
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• For a given f = 2π
ω , the charcteristic equation can be solved (typically

by using graphical techniques) for θi, from which we can calculate the
propagation constant

kz = k1 sin θi

where
k1 =

ω

v1
=

ω

c
n1

is the wavenumber in the core region of the guide at the operation
frequency ω = 2πf . It follows that the

guide wavelength λg =
2π

kz

and 1

phase velocity vpz =
ω

kz
=

ω

k1 sin θi
=

v1
sin θi

can be obtained once θi is calculated from the characteristic equation.

• Given the kz in the core region, kx and kz outside the core region (with
index n2) can be obtained by using the fact that kz is identical in both
regions (why?).

• In this lecture we will continue our study of dielectric slab waveguides
by examining the TM modes.

1Note that group velocity vg = v1 sin θi (in analogy with parallel plate wavegiudes) if and only if
ω " ωc = 2πfc because of the effect of the cladding region that contains a substatial fraction on the wave
energy unless ω " ωc — in fact for TE0 mode vg ≈ v2 at frequencies much less than the cutoff frequency
of TE1 mode.
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TM modes

• For the TM mode where the incident and reflected fields are taken as

H̃i = ŷHoe
−jk1(− cos θix+sin θiz) and H̃r = ŷHoRe−jk1(cos θix+sin θiz)

the reflection coefficient is given as

R =
η1 cos θi − η2 cos θ2
η1 cos θi + η2 cos θ2

=
n2 cos θi − n1 cos θ2
n2 cos θi + n1 cos θ2

.
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Graphical solution of the charac-
teristic equations for TE and TM
modes m = 0, 1, 2, 3 in propaga-
tion and mode m = 4 in evanes-
cence. The blue and red curves
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Hence, in this case the guidance condition leads to the characteristic
equation
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Note that this result for the TM mode leads to the same fc expression
as in TE modes.
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Mode structures:
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Acceptance cone and numerical aperture:

Guidance requires The maximum acceptance

angle θom defines the so-called

“acceptance cone” that in-

cludes all the external sig-

nals incident on the dielec-

tric waveguide that can cou-

ple to the waveguide at

the air/core interface on a

constant-z plane.

θi > θc = sin
−1 n2

n1
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√

εr2
εr1

and therefore “acceptence angles” from air (see the diagram below)
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εr1 − εr2 is called numerical aperture.
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